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Over the object intuitionistic fuzzy set (IFS) [1, 2] has been defined different operators: 0, O,
Dy (axe [0, 1)), Fop (o, B e [0, 1]), Gop (@, B [0, 1]), and others (see [1-4]). Here, by
analogy with the operators Dg, Fopand G4z, we shall define four other operators for a given
IFS A and for given numbers a, S e [0, 1]:

Hap(A) = {{x, apa(x), va(x) + f.ma(x)) | x € E},

Fla,ﬁ(A) = {{x, o.ua(x), va(x) + p.(1 — a.uas(x) —vax))) | x € E},
Jap(A) = {{x, ua(x) + a.ms(x), B.va(x)) | x € E},

faﬁ(A) = {{x, uax) + a.(1 — ua(x) — p.va(x)), p.va(x)) | x € E}.
Below we shall introduce the basic assertions from these operators.
Theorem 1: For every IFS A and for every &, S [0, 1]:

@) H,,(A)=1J,,(A),

(b) J,,(A)=H,,(A),

(© H,,(A)=1,,(A),

d) J,,(A)=Hg,(A).

Proof: (a) Hw(;l) = {{x, o.ua(x), va(x) + f.rax)) | x € E}

= {(x, ua(x) + f.ma(x), a.va(x) ) | x € E}
=Jpa(A).

(b)-(d) are proved analogically. L]
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Theorem 2: For every IFS A and for every a, 8 € [0,1]:

(2) Hyp(A) =Fyp(A)NGa1(A),
(b) Jup(A) =Fpo(A)UG1a(A),
(©) Hyp(A) = Fyp(Ga1(A)),

(d) Hop(A) =Fop(Gaa(A)).
Proof:

(a) Hop(A) = {(0pta (). va (x) + Bta () | € )
= { {x,min(pa (x), 0. pta (x) ), max(va (x) + B.ma(x), va(x)))[x €EE} = Fy g (A) NG 1 (A).

(b) is proved analogically.

(©) Hop(A) = {(x. 0pta (x). Va () + B(1 — ctpta (x) — va(x))) x € E}
= Fos ({(x.0tta (x).va () [x € E}) = Fy g (Gara).

(d) is proved analogically. O

Theorem 3: For every IFSs A and B and for every o, 3 € [0,1]:

&y
=

(a)
(b) o.p
(c) Hoc,

A ﬂB) C Ha,ﬁ (A) ﬂHa’ﬁ (B

o,

),
A UB) D Ha,ﬁ (A) UHO{,ﬁ (B),

=

A+B) CHyp(A)+Hyp(B),

=

(d) H(x,ﬁ A.B) D Ha,[i’ (A).Ha,ﬁ (B),

(e) JaB ANB) DJap (A NJop (B),
®  Jq
& Jap
(h)  Jap
) Hoc,ﬁ (ANB) C ITIOC’[; (A) ﬂﬁa,ﬁ (B),
()  Hepl )

(k) Hgp(A+B) CHyp(A)+Hgp(B).

( )

R
=

(1) ﬁa,ﬁ A.B) Dﬁa,ﬁ (A)‘Hoc,ﬁ (B y
(m) .706’[3 (A ﬂB) D) .706’[; (A) ﬂja’ﬁ (B),
(m) J )
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(0) Jap(A+B)DJgp(A)+Jqp(B).

(2) Hog(ANB) = Hg,g ({(x,min(pa (x), up(x)), max(va(x), va(x)))|x € E})
0. min(ka (x), g (x)), max(va (x), vp(x)) 4 B.(1 —min(ga (x), g (x) ) —max (va(x),

(x))
Ho p(A) NHeg(B) = { (x, &t.la(x), Va (x) + B.7a(x)) [x € E} N {(x, &t.up(x), va (x) +
B.mp(x))|x € E}
= {{(x,min(o.uta (x), &t.up(x)), max(va(x) + B.(1 —min(s (x) — va(x), vg(x) + B.(1 —
min(up(x) = va(x)))|x € E}

The second terms (the degrees of membership) in both sets are equal and for the third
terms is valid the following inequality:

max (v (x), va(x)) + B.(1 — min(jua (x). g (x)) — max (v (x). va (x)))
— max (v (x) + B-(1 — min(ua (x) — va(x)), Vi (x) + B-(1 — min (a5 (x) — vi(x))
(1= B).max(va (). vi(3)) £ B max(| (0 (4).1 — o)) ~ max((1 — ) va ) +
B.(1— min(a (x)). (1 - B).Va(x) + B.(1 — min(ua(x)))) > 0.

because for every real numbers a, b, ¢ and d:

max(a,b) + max(c,d) —max(a+c,b+d) > 0.

(k) Ha’ﬁ(A +B)
= Hp({(x. ta (%) 4 15(x) — pa(x) .15 (x), va (x).vp(x) |x € E})
= { (o tta (x) + i (x ) Ha (x) 15 (x), va (x). Ve (x) + B.(1 — 0. (ka (x) + s (x)
— ba(x)-pp(x)) = ( Jve(x)))lx € E}.

Hyp(A) + Hep(B)

= {{x, 1a(x), VA( )+ B.ma(x)|x € E} + {(x, up(x), v (x) + B.7(x)|x € E}

= {(x, ot.aa (x) + 0t up(x) — o pa (x). g (x), (Va (x) + B.7a(x)). (v (x)
+B.7p(x))|x € E}.

Obviously the second term of the first set is greater than the second term of the second set. On
the other hand:

(Vz‘E())C)+(.3)~7IA(X))~(VB(X)+ﬁ-7rB(x))_VA(X)~VB(X)+ﬁ~(1_a~(NA(x)+.uB(x)_.uA(x)-.uB(x))_
va(x)vp(x

2 .1 () ()~ (0 ()~ 4 (0 ()

> B.(1— pa(x) — up(x) + pa (x) .15 (x) — va(x).va(x)))

> 0.

The other assertions are proved analogically. U
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Theorem 4: For every IFS A and for every a, 8 € [0,1]:

(a) OHgp(A) C Hyp(DA),
(b) OHgp(A) Co Hep(0A),
(©) Jop(0A) Co Oy p(A),
(d) Jop(0A) C OJgp(A),
(e) OHqp(A) C Hqp(DA),
(f) OHqp(A) Co Hyp(0A),
(@) Jop(0A) CoOgp(A),

(h) Jop(0A) C OJgp(A).
Proof:

(h) Jop(0A) ={(x,1—=B.va(x),B.va(x))|x € E} and

Top
Tap(A) = ({61 = va(x) + . (va(x) — B.va(x)), B.va(x))|x € E}.

From the equality of the third components of the two IFSs and from
1—B.va(x) = (1= va(x) +o.(va(x) = B.va(x)) = va(x).(1—).(1-B) >0

follows the validity of (h).

The other assertions are proved analogically. U

Theorem 5: For every IFS A and for every o, € [0,1] and for every 7,8 € [0,1] for which
0<y+0<1:

(a) Fy,8 (Ha,ﬁ (A)) Co Ha,B (Fy,S (A))’
(b) Jop(Fys(A)) Cp Fys(Jap(A)).

Proof:

(a) Fy,6 (Hot,ﬁ (A))
= {{x, 00 paa (x) + 7.(1 — o pa (x) — va(x) = B.7a(x), va(x) + B.7ea(x) + 8.(1 — 0. pia (x)
—va(x) = B.ma(x)))|x € E},
Hy g (Fys(A))
= {(x.a.(a(x) + v.7a(x)), va(x) + 8.74(x) + B.(1 — pa(x) — 7.4 (x) — va(x)
—8.mu(x)))|x € E}.

From:
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B.ma(x) + 6 — a.8.pa(x) = 8.va(x) — B — 8.1 (x) + B.pta(x) + B.y.7a (x) + B.va(x)
= 0.(1— 0t.pta(x) = va(x) = ma(x)) + B.7.70 (x)
> 6.(1 — pa(x) = va(x) = ma(x)) +B.7.7a (x)
> B.y.ma(x) >0
follows the validity of (a).
(b) is proved analogically. U

Other relations between the operators F), s (resp. Dq) and Hy g and J g are not valid.

Theorem 6: For every IFS A and for every a, 3,7,6 € [0,1]:

(@) Hop(Gys(A)) C Gys(Hep(A)),
(b) Jag(Gys(A)) CGys(Jap(A)),
(©) Hop(Gys(A)) CGys(Hgp(A)),
(d) Jo,5(Gys(A)) CGys(Jap(A))

Proof:
(a) Ha,B (Gy,5(A))
= {{x,a.7.us(x),0.va(x) + B.(1 = y.ua(x) — 8.va(x)))|x € E},

(Gy,6 (Hoc,ﬁ (A)
= {(r,a.7.a(x),8.va(x) + B.8.(1 — pa(x) — va(x)))|x € E}.

The second terms in both sets are equal and for the third terms is valid the following inequality:
8.V (x) + B.(1 — Y.ta () — 8.va (1)) — (8.4 (x) + B.8.(1 — ua (x) — va(x))

= B.(1—7.pa(x) = 8.va(x) = 8.(1 — pa(x) — va(x))

=B.(1=7pa(x) =8+ 8.4 (x))

ify>94:
> B.(y—8).(1 - pa(x)) = 0

ify<é:
>B.(1-0+pa(x).(6-7)) >0;

i.e., (a) is valid.

The other assertions are proved analogically. U
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Over the object intuitionistic fuzzy set (IFS) [1, 2] has been

defined different operators: L1, <>, D (x € [0, 11, F tay B
« a,

€ 1o, 11, 6 (x, # € [0, 11) and athers (see [1-41).  Here, by
s

analogy with the operators D , F and 6, we shall define fo-
a ay P =

ur ather operators for a given IFS A and for given numbers «, 8 €
o, 13:

H (A = {xy aup (x), T (I4R.1 OO>/x € E},
A a a

H o (A) = (Cxy aup k), T (048U -sep (x)—7 (x))>/x € E3,
a A A a

I GA) = LCxy p Odvaw D00, Bar (x)>/x € EI,
a8 a A a u

J A = f<xy p OO tma (Iop (0 —B.T (%)), B.T (x)>/x € E3,
8 A A A A

Below we shall introduce the basic assertions from these ope-
rators.

THEDREM i: For every IFS A and for every a,8 € [0, 11y

@ H A =J A,

@B 8,a
Page 1
s -
(b} H (A UB)DH {A) UH {B),
* «B @y

(@ H ((A+BcH (ARl +H B,
{d) H (A . B) D H tay . H (B),
s ft s 8

ta) J (ANB =J Ay na {B),
LS 8 8

(F) T (AUBlcJd Ay U g (B},
a8 B T

(@ J (A+BIDIT A +Jd (B,
oy 8 8

thy J (A . B J w . J {8},

(i} H (AU B DOH W UH (B},

im) J MNr o3 A nJ 8,

e 3 th . IS I A . 3 (B).
*yf a8 .8

Proof: (a) H (A A B
LH

=H  {x, mintp &), p 1), maxtr (x), T (X))>/x € EIF
8 A 3 a 3
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Proof: (&) H  (A) = {&t, a1 (x), p (x)+B.m ()3/% € EX
«, a A A

= flny p (xi+faw {x), a.w (x)>/x € E} =J x).
a A A Ay

(b} - (d) are proved analogically.
THEOREM 2: For every IFS A and for every «,8 € (0, t3s

{a) H A =F (R) N B 1A)
« B 0,8 «y
) J {A) = F A) U B LAY,
8,0

oy f ’ 1,

) H A =F (B (AN,
o8 0,8 «yt

{dy J (A) = F (<] A .
8 £,0 1,

Proofr (a) H  (A) = {<x, a.p (%), 7 {x)4R.7 (x)>/x € EY
«, a a A

= {4x, minlp (%), a.p {x)), max{T (x)4@.w (x?, T (x))>/x € EI
L A L} A
= F Ay N6 {A).
2B L3R
(b) is proved analogically.

tey H (A) = (Cxy oop ), 7 (XI4B. (Lo p (X)—T (x))>/x € E}
a a L] A

*y

= F (€, @ap k), T '{XID/% € EM)
0,8 L] A

= F L] A)).
0,8 a,i

td) is proved analogically.
THEOREM 31 For every two IFSs A and B and for every a,f € :o.~!§1

ta) H (AABICH (A NH (B,
a,8 B Ky

Page 2

= €<xy qumin(p (x)y p k2D, max{r (x}, T (x))4B.(1-minlp (x),
A B A B A
p x))-max (T (x)}, T (x))>/x € E)
B A B
H ) nH (B)
«4f8 LH
= LOtap (), T GO (5% € EY N (Kxy@ep XDy T GO+
A A A A LY
B.W (x)>x € E}
L)
= {<xy minfa.p X}y @.p (%)), max{r ()48 (-minlp (x)-1 (x),
A B A A A

T ()+B. (1-minlp (X)-T (X))>/x € EI
B B B

The second terms (the degrees of membership) in both sete are
equal and for the third terms is valid the following inequality:

maxdT (%), T (x))44. (U-minlp (), p GII-maxlr (x), T (x)))
A B A B A B
= max {1 ()48, (1-min{p (X)-7 (X)), T XDIHB. (~mindp GO=T (x)))
A A A B B B
= (1-B).max{T (x), T (x))+B.max{l-(p (), 1-p (x))-max((1-8).
A B A B
T OGO {I-mindy (x)), (1-8).7 (x)4A. (1-winlp (x))))
A A B B

: o0,
because for every four real numbers a, by c and di

max (a, b) + max(c, d) - max{a ¢+ e, b +d) 2 0.

W H A+ W
@,

B, p ) 4p Ix)=p ().p (x)y 7 (x)ox K)>/x € EI)
A B A B A B

= Ly @ (p OOFp X)-p (xDep D)y T (XDeT (x)HB. (1-aa (p (x)+
A B A 3 A B A

P od=p dep x))=7 (x).7v x))3/x € E}
B A B A B
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th) J

Proof: (h) <>J

and

From

from:

1-flor BO={1-7 (xd4oa (T GO=R.r ()
A a a a
=7 {x). e, (1-8) 2 0
A
follows the
The other assertions are proved analogically.
THEOREM 5: For every IFS A, for every a, 8 € [0, 11 and for every
) F ™ an
) 3
Proof: (a) F  (H  (A))
= ey L ey b=t DO—Buw k), T Oo4Eaw (x) 8L
a A A A A a

a.p (X)-7 (x)-B.w (x))>/x € E},
A a A

H
0

= Ly @adp BT (), T (XIHELT GO (mp GO -Tar (D=1 (0
A A a a a A A

~&.w (x))>/x € E}
A

J ($3A) = &x, 17 4o (T (x)~R.7 (X), Ba7 (X)>/x € E
A A L3 A

(F )

@A & <7
LN B

Wy,

A) = &Kn, 1-f.71 (x), B.T (XI>/x € E}
o8 A A

the equality of the third components of the two IFSs and

lidity of (h).

ry 6§ € [0, 1] for which O £ r + & £ 1:

c H (F [

6 B afi TS

(F Wy C F [ (A)).
&

@b ry €11, b

rE B

Ty

From:
.
Bam () +E—Sap () ~E.T (KI=B-§.W (x)HB.p GOHBLF.w (xI4BaT (x)
A A A a A a A

= Fofl-oap ()-v K)-w (x)I+B.r.w (%)
A A A A
LS flmp (k)=7 (x)d=w GOYHA.F.m (x)
A A A A
X g.r.m (x) 20
A

follows the validity of (a).

(b) is proved analogically.
Other relations between the operators F (resp. D ) and H
T8 « 4B

and J are not valid.

.
THEOREM 6: For every IFS A, for every «, f, F, & € [0, 1] 3
(a) H G AN < 6 H “

WG T8 Fyd a,f
() (B AN B I AN

L ST T ryd  o,f
{c) H {6 W) cs R A

*,B T, Fyd xR
) J 6 (A)) ¢ B 3 Ay}

g s ryd  a,B
Proaf; (a) H 6 A

AyB TS
= L€R, P.p (), &7 (x}4f. (1-F.p (x)-&.r (0))d/x € E3,
A A A L}

B {H (A
8 w8
= €<x,

The sec
is vali

Ser Ax)
A

= Bg. (1=

@l (xd,y 8.7 GO+BLS. (1-p (x)=7 (x))>/x € E3.
A a A a

ond terms in both sets are equal and for the third terms
d the following inequality:

4B {1-Fop XI-For (x))-(S.7 (x)iﬂ.&.(i~y x)=1 (x)))
A A A ¥ L a

Tap X)=8a7 (x)=6. (1-p (x)—-7 (x)))
a A a A
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) J oA e OT

LN x4 f

Wy,

Proof: (h) <>J

A) = &Kn, 1-f.7 (), B.T (XI>/x € E}
o8 A A

and

J ($3A) = &x, 17 4o (T () ~R.7 (X), Ba7 (X)>/x € E
«y A A A A
From the equality of the third components of the two IFSs and

from:

1=f.7r (x)={1-r (XI+aa (T =7 (%))
A A A A
=7 {(x). - .{1-8) 2 O
A

follows the validity of (h).
The other assertions are proved analogically.

THEOREM 5: For every IFS A, for every «, 8 € [0, 11 and for every
r, 6,€ [0, 11 for which 0 £ F + & £ 11

t{a) F H A)) C H iF
fé oy Gaf ryE

@,

{b) J F )y C F W ).
s

@b ry €11, of

Proof: (a) F (H (A
ré aB

= ke )P Uy =1 () B (x), T (x)4f.w (x)+d.L1—

A L) A ] A A
@p X)-T (x)-B.w (A)I)>/x € E},
A ) A

H (F 4

CIT Y

= Xy @ lp ORHPLT (1) T GOHELT ()4 (1mp (X)-Faw (=T (%)
A a a a a A A

~&.w (x))>/x € E}
A

From:

Page 6

= B {1-F.p R)=F+8.p (x))
A A

if r 2z &

2 RuA(P-8) . (1-p (%)) 2 O3
a

if r < &1

2 f.{1-8+p (x).(6-T)) 2 O,
A

i.e. (a) is valid.

The other assertions are proved analogically.
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