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In the memory of Acad. H. Hristov

Let p be a proposition and let V be a truth-value function, which juxtaposes to the proposition
p and to the time-moment ¢ € T (T is a fixed set which we shall call “time-scale” and it is
strictly oriented by the relation “<”) the ordered pair (c.f. [1]).

Vip, 1) = (up, ), V(p, 1))
Let
T'={t'/t'e Tandt'<t}
T"={t"lt"e Tand t" >t}
We shall define for given p and ¢ the operators
P,F,H,G:[0,1]x[0,1]XT— [0, 1] x[0, 1] X T,
for which
X(p, 1) = X((p, 1), Vp, 1))
for X € [P, F, H, G] and:
- V(P(p, 1) ={(up, t"), p, t")), where t' € T’ satisfies the conditions:
@) wp, 1) = Wp, 1) = max (Up, t) = Up, 1¥)),

(b) if there exist more than one such element of 7, then 7' is the maximal.

- V(F(p, 1)) ={(up, t"), Up, t")), where t" € T" satisfies the conditions:
@) wp,t") = Wp, t") = max (Up, t+) = p, t*)),

(b) if there exist more than one such element of 7", then ¢” is the minimal.
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- V(H(p, 1)) =(up, t"), Up, t")), where t' € T'satisfies the conditions:

(a) ,U(p, t’) - V(P, t’) = }}:g]l:l (;U(p’ t*) - V(p’ t*)),

(b) if there exist more than one such element of 7, then 7' is the maximal.
- V(G(p, 1)) =(u(p, t"), Up, t")), where t" € T" satisfies the conditions:
@) wp, 1) = Wp, 1") = min (Up, t+) = Up, t+)),

(b) if there exist more than one such element of 7", then ¢"” is the minimal
(see e.g. [2, 3]).

Theorem 1: For every proposition p and for every time moment r:
(@) V(H(p, 1) = VIN(P(N(p)), 1)),
(b) V(G(p, 1) = VIN(F(N(p)), 1))

Proof: (a) VIN(F(N(p)), 1))) = {p, 1), (p, 1))

where ¢'is the maximal element of 7" for which:

V(p’ t') - ;u(p’ t’) = lgrlea;( (V(P, t*) - ,U(p, t*))

Therefore, ¢'is the maximal element of 7' for which:

,U(p, t’) - V(P, t’) = }}:g]l:l (;U(p’ t*) - V(p’ t*)),
ie.,

(Up, 1), Up, ") = V(H(p, 1)).
(b) is proved analogically. [

Theorem 2: For every two propositions p and ¢, and for every time moment #:
(@) H(p>q, 1)) (PP, 1> Pg,n),
(b) Glp>q, 1)>(Flp, 1> Flg, 1),
(¢) N(P(N(p > q), 1)) 2 (P(p, 1) > P(g, 1)),
(d) N(F(N(p > g), 1) D (F(p, ) © F(q, 1)).
are IFSs.
Proof: (a) V(H(p © ¢, ) © (P(p, 1) © P(q, 1)) =
= H((max(Up), ((q)), min((p), V@), 1)) D ({p, 1), Up, 1)) D (g, 1), g, 12))),

(where t; and f, are both maximal elements of 7" for which the maximums of (p, t;) — Up, t1)
and of 1(p, t,) — Up, t,) are achieved)
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= (max(Up, 1), (g, 1), min(Up, 1), g, 1))
D (maxWp, 1), 4(q, 1), min(p, tr), Vg, 12))),

(where t' is the maximal element of 7' for which the maximum of max(WUp, t'), u(q, t') —
min((p, t'), Vg, t")) is achieved)

= (max(Up, t), (g, t2)), min((p, 1), Vg, 1), min(Up, 1), Uq, 1), max(Up, 1), (g, t)).
Then we consider the expression
a=max(Up, 1), g, ), min(p, t), Vg, 1)) = min((p, 1), g, 12), max(Up, 1), i(q, t")).
If there exist t, € T' for which u(p, t;) 2 Vg, t):

az Wp, ) — g, ) 20.

Let for every t, € T' : u(p, t5) < Vg, t2). Then, if there exist t; € T' for which Wp, ;) =
/’l(q’ tl):

az V(p’ tl) _ﬂ(q’ tl) 2 0.

Let for every t; € T': Up, t1) < g, t1). Then, if there exist t' € T' for which min(u(p, t'),
g, t") 2 max(Up, t), g, 1"):

a 2 min(u(p, t'), g, t")) —max(Up, 1), u(g, 1)) 2 0.
Let foreveryt'e T':
min(p, t'), Vg, t)) <max(Up, t"), tq, t"))

and let 1o € T If u(p, th) < Ugq, t), then Up, ty) < Ugq, t) and Ugq, ty) < (g, tp), which is a
contradiction.

If v(p, ty) < 1(q, to), then w(p, ty) < Ugq, ty) and u(q, to) < Ugq, to), which is a contradiction.
Therefore (a) is valid.

(b)-(d) are proved analogically. ]
From the above definition, it follows the validity of:

Theorem 3: For every two propositions p and ¢, and for every time moment ¢:
(a) If H(p, 1) is an IFT, then P(p, t) is an IFT;
(b) If G(p, 1) is an IFT, then F(p, t) is an IFT;
From the equalities:
P(P(p, 1), 1) = P(p, 1),
F(F(p, 1), 1) =F(p, 1),

it follows the validity of:
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Theorem 4: For every proposition p and for every time moment #:
(@ P(Pp,n,t)>Pp,1)
(b) H(p, ) > H(H(p, 1), 1)
are IFTs.
LetW'={t'"/t'e T"&t'<t}, W' ={t" /t"e T" & 1" 2 t}. The operators T’, E, F and G

are defined as the respective above, but for W' and W" instead of 7' and 7". For them the
above assertions are valid also.

Theorem 5: For every two propositions p and ¢, and for every time moment ¢:
(a) If H (p, 1) is an IFT, then F (p, 1) and (p, #) are IFTs,
(b) If G (p, £)is an IFT, then F (p, £) and (p, 1) are IFTs,
() If H(p,H) & G (p,t)is an IFT, then P (p, ) v (p, ) v F (p, 1) is an IFT,

(d) If H(p, ) v G (p, 1) is an IFT, then there exists + € T for which (p, t*) is an IFT,

where (p, f) denotes the proposition p at the time-moment .
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REMARK ON A TEMPORAL INTUITIONISTIC FUZZY LOGIC trET’
Krassimir T. Atanassov (b) if there exist more than one such element of T’, then t*

Inst. for Microsystems, Lenin Boul. 7 km., Sofia-1184, Bulgaria is the maximal.

= V(G(P,t)) = <p(P,t"), T(P,t")>,

In memory of Acad. H. Hristov wheére t" € T" satisfies the conditions:
(a) p(p,t") - v(p,t") = min (W(P,t¥) - Y(P,t¥)),
Let p be a proposition and let V be a truth-value function, txeT"

which justaposes to the proposition p and to the time-moment t € (b) if there exist more than one such element of T", then t"
T (T is a fixed set which we shall call "time-scale” and it is is the minimal.
strictly oriented by the relation “<") the ordered pair: (see e.g. [2,3]).

Vip.t) = <w(p.t), TP, 1)> THEOREM 1: For every proposition p and for every time moment t:
(ef. [11). Let (a) V(H(P., 1)) = VIN(P(N(P)), 1))}

Tos g/t €T &t <ty

(B) VI(G(P,t)) = V(N(F(N(P)),1})).
Tro gttt €T &t >ty
Proof: (a) V(N(F(N(P)),t))) = <p(p,t"), (P, t")>
We shall define for given p and t the operators P(p,t), F(p,t), .
where t’ is the maximal element of T’ for which:
Hip, 1), G(P,): [0, 1] x [0, 1] x T => [0, 1] x [0, ¥ x T, for

T(p,t’) - p(p,t’) = max (v(P,tx) - p(p,tx)).
which txeT’
X(P,t) = X(<p(P, 1), T(P,1)>) -
Therefore t’ is the maximal element of T’ for wnich:
for X € (P, F, H, 6] and:

PP, t’) - Y(P,t’) = min (p(P,t¥) - v(P,tx)),
= VPP, 1)) = <p(P,t7), TP, E7)Y, txeT”

where t’ € T’ satisfies the conditions: i.e. <P tY), (P,EM)> = V(H(P. 1))
(a) pP,t*) - ¥(P,t’) = max (W(P,t¥) - 7(P,tx)), (b) is proved analogically.
trET?

THEOREM 2: For every two propositions p and q, and for every time
(p) if there exist more than one such element of T’, then t’

moment t:
is the maximal,
(a) H(p > a, t) > (P(p, 1) D Pla, 1))
= VI(F(P, 1)) = <p(p,t"), T(P,t")>,
(b) G(p D a, t) > (Fp, 1) D F(a, t))
where t" € T" satisfies the conditions:
(e) N(P(N(p D q), t)) D (P(p, t) D P(q, 1))

(3) PP t") - T(P,t") = max (u(P,tx) - T(P,tx)),
PHET™ (d) N(F(N(p D> q), 1)) > (F(p, t) D Fta, 1))
(b) if there exist more than one such element of T", then t~ are IFTs.
is the minimal. Proof: (a) V(H(p D a, 1) 2 (F(p, 1) > P(a, 1))
S V(H(PL W) = <p(p.tt), T(R, ), = HI<Max(v(P) ,p(a@)), men(p(p),v(A)), t3) D (<p(Pyt ), T(R,t 1> D

Page 1 Page 2
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wpyt ), TPyt )>)
2 2
(where t and t are both maximal elements of T’ for which the
1 2
maximums of p(p,t ) - 7(p,t ) and of p(p,t ) - v(p,t ) are achie-
1 1 2 2

ved)

= <max(r(p,t’),p(q,t’)), min(p(p,t’),7(q,t’))> > <max(r(p,t ),
1
pea,t ), min(p(p,t ), r(a,t ))>
] 1 2.

(where t’ is the maximal element of T’ for which the maximum of
max(r(p,t’),p(a,t’)) - min(p(p,t’),r(q,t’)) is achieved)

= <max(v(p,t ), p(a,t )), min(p(p.t*),v(a,t")),
1 2

min(p(p,t ), 7(a,t ), max(r(p,t’), p(a,t’))>.
1 2

Then we consider the express

a = max(r(p,t ), p(a,t ), min(p(p,t’),7(a,t)) -
1 &
min(p(p,t ), v(a,t ), max(r(p,t’), wp(a,t’)).
1 2
If there exists t € T’ for which p(g,t ) 2 v(a,t ):
2 2 2
a2 p(a,t ) - 7v(q,t ) 2 0.
2 2
Let for every t € T': p(a,t ) < 7(a,t ). Then,
2 2 2
if there exists t € T’ for which r(p,t ) 2 p(p,t ):
1 1 1
a1 r(pit) - p(p,t ) 2 0.
1 1

Let for every t € T’: v(p,t ) < p(p,t ). Then,
1 1 1

if there exists t’ € T’ for which min(p(p,t*),7v(a,t’)) 2
max(v(p,t’), p(a,t")):
almin(pp,t’).r(a,t’)) - max(r(p.t’), p(a.,t’)) 2 0.

Let for every t’ € T’:

Page 3

Y P3P ¥ A,

e} (P ¥ 3} 2 (a % p),

) (P2 a) D {r®p) D (r¥a).
Proof: {d) V({p D a) 3 ({r ¥ p) D (r*q))
= f<a,br 5 ¢, d3) o (<max(a,e), min(b,f)> 3 <max(c,e), minld,f)>)
= <max{b,d), min{a,d)> 3 <max(c,e.min(b,f)}, min(d,f . max{a,e))>
= gmax(min{a,d),c,e,min{b,?)), mjn(d,f,max(a,e),max(b,d))>
and
max{min(a.d),c,e,mintb,?)) - min(d,f ,max{a,e),max(b,d))

max(min(a,d),c,e) - min{d,max(a,e))
i oa ) od:

= max(d,c,e) - min(d,max(a,e}) 1 O;
it a <o

= max{a,c,e) - min{d,max(a,e))
I maxfa,e) - min(d,max(a,e)) ! O.
(a)- {c) are proved ahalogically.
THEQREM 2.2 (a) Of(p > 49) D (OP 2 04) i3 an IFT,
(b} Op S p i3 an IFT.
Proof: {a) v{(O(p 3 4) D> (@ 2 ga)}
= pemax(b,<}, min{a,d)> 3 (<a,1-a> 2 ¢, 1-¢3)
= max(b,¢), {-max{b,c)> D <max{i-a,¢), min(a, 1-¢)>
= <max(1-maxib,c),1-a,<), minfa, 1-¢,max(p,¢)) >
and
.max (1-max(b,c),1-a,¢) - Min(a,1-c.max(b,c})
= 2.max(1-max(b,c),1-a,¢) - |
Let us assume that:

max(1-max(b,c)y1-8,¢) < 1/2,
Hence: max(p,¢) > 1/2, 1-a < 1/2 and ¢ < 1/2. Therefore: b > 1/2
and a » 1/2 which is a contradid¢tion. Hence
max (1-max(b,c),4-a,¢) 2 1/2,
with which (a) is proved.
(b) is proved directly.
THEOREM 2.3: The following assertions are IFTa:
(a8) oP = 0P,
() op'= 107p,
(e) 0P = 0
(d) op = J07p.
(&) p > 0p,
(f) oP D 0R.
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min{p(p,t’),v(a,t’)) < max(v(p,t’), p(a,t’))

and let t € T'. If p(p,t ) ¢ v(a,t ), then 7(p,t ) < v(a,t ) and
o o o o o

w(a,t ) < p(a,t ), which is a contradiction.
o o )
If r(p,t ) < plp,t ), then p(g,t ) < v(a,t ) and p(p,t) <
o o o o o
7(p,t ), which is a contradiction. Therefore (a) is valid.
o

(b) and (¢) are proved analegically.
From the above definition follows the validity of
THEOREM 3: For every two propositions p and q, and for every time
moment t:
(a) !f H(p,t) is an- IFT, then P(p,t) is an IFT;
(b) 1€ G(p,t) is an IFT, then F(p,t) is an IFT;
From the equolities:
P(P(p, 1), 1) = Plp ),
F(F(P,l)yl) = F(p,t)
follows the validity of
THEOREM 4: For every proposition p and for every time moment t:
(a) P(P(p,t).t) D P(p,t)
(b) H(p,t) D H(H(p,t),t)

are IFTs.

Weos [t/ €T & tr oot

Wros [EN/tY €T & M2t

e goerators By B, F ood Y T SR HRp - P —
but for W' and W' instead of T' and T". For them the above asser-
tions are valid alsoc.

THEOREM §: For evary two propasitions p and g, and for every time

moment

(a) If H(p,t) is an IFT, then £ n, 1) and (p,t) are IFTs;
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